ABSTRACT. There exists a leavable, Borel gambling problem with a goal, where at most three gambles are available at each fortune, where each gamble has at most two points in its support, but for which stationary plans are not uniformly adequate.
Introduction.
In the theory of gambling formulated by Dubins and Savage [5] , a gambling problem is a triple (F,T,u), where (i) the set of fortunes F is a nonempty set, (ii) the gambling house T is a subset of F x P(F), where P(F) denotes the collection of all finitely additive probabilities defined on all subsets of F, and for each f G F, the set of gambles available at f, T(f) = {7: (/, 7) G T} is assumed to be nonempty, and (iii) the utility function u is a real-valued function on F. For f G F, a strategy o, available at f specifies (a) a gamble oq S T(/), and (b) for each positive integer n and every sequence (/i,...,/n) of elements of F, a gamble an(fi, ■ ■ ■, fn) £ r(/").
Roughly speaking, such a strategy, a, available at /, specifies for a gambler with initial fortune /, (a) what he should do initially, and (b) what he should do after n days, given that his fortunes on the first n days were (/1,..., /"). A strategy a available at / induces a probability, which we shall denote once again by a, defined on the Borel subsets of the history space H = FN, where N denotes the set of positive integers and H is equipped with the product of discrete topologies. Let £(/) = {a: available at /}. The value of a gambling problem V is a real-valued function on F, defined by
where h = (x\,..., xn,_) is an element of H. (We only consider gambling problems for which / limsupn u(xn) da(h) is defined for all / G F and a G £(/).)
A stationary plan S is a function defined on F into P(F) such that S(f) G T(f) for all f G F. A stationary plan defines, for each / G F, a strategy Sf available at /. The initial gamble of Sf is S(f) and, given that the fortunes on the first n days were (/1,..., fn), the gamble specified by Sf is S(/"). The utility of a stationary plan S is a real-valued function Us on F, defined by
where, as before, h = (xi,..., xn,,.. ) is an element of H. We say that stationary plans are uniformly adequate for the gambling problem (F, T,u) if for every e > 0, there exists a stationary plan S (possibly depending on e) such that V(f)-Us(f)<e for all/ G F.
A gambling problem (F, T, u) is called leavable if 6f G T(f) for all / G F, where 6f denotes the point mass at /. Roughly speaking, in a leavable problem, the gambler has the option of quitting whenever he wishes, taking with him his current fortune at that time. A gambling problem with a goal is a gambling problem where the utility function assumes only two values, 0 and 1. The goal G for such a problem is the collection of all those fortunes whose utility is 1. In this case, V is the best chance of being in G infinitely often. (In the leavable case this is the same as the best chance of being in G some time.) If (F, B) is a standard Borel space (i.e. F is a Borel subset of a complete, separable, metric space, and B is the cr-algebra of its Borel subsets), we shall denote by M, the collection of all countably additive probabilities on (F,B), and by B*, the smallest cr-algebra of subsets of M such that, for each A G B, the map p -* p(A) on M is measurable.
A gambling problem (F, T, u) is called Borel if (i) (F, B) is a standard Borel space, u is Borel measurable, (ii) for each f G F and 7 G T(/), p(^) G M, where p(^) denotes the restriction of 7 to B, and
(iii) {(/,p (7)): f G F, 7 G r(/)} belongs to the product cr-algebra B ® B*.
Ornstein [8] proved that for a leavable gambling problem, if F is countable (and all gambles are countably additive), stationary plans are uniformly adequate. He also showed that there is a leavable gambling problem with F uncountable for which stationary plans are not uniformly adequate. In his example, the cardinality of F is greater than that of the continuum and hence the gambling problem is not Borel. Whether stationary plans are uniformly adequate for leavable, Borel gambling problems has been open for a number of years. (See [7] .) In this paper we settle this question with the following THEOREM. There exists a leavable, Borel gambling problem with a goal, where at most three gambles are available at each fortune, and where each gamble has at most two points in its support, but for which stationary plans are not uniformly adequate.
REMARKS. For gambling problems which are not necessarily leavable, good stationary plans need not exist even if F is finite. (See Chapter 3, §9 of [5] for examples.) Dubins and Sudderth [6] and Pestien [9] proved the existence of gambling problems, with the fortune set having cardinality Ni, for which stationary plans are not uniformly adequate. However, they allowed finitely additive gambles that are not countably additive. Dubins and Sudderth [7] showed that for leavable, Borel gambling problems (in fact, more generally for leavable, analytic gambling problems), stationary plans are 'almost uniformly adequate' (see [7, Proposition 7.1] ). This, in particular, shows 'adequacy' of stationary strategies for such problems. (See [7] for relevant definitions.) Some of the positive results on uniformly adequacy can be found in [2, 3 and 7] . PROOF OF THE THEOREM. Let T denote the tree of all finite sequences of positive integers, including the empty sequence e. Let L be the set of all functions / from T to the nonnegative integers. A function / in L may be thought of as a labeled tree: the tree T with a nonnegative integer label on each vertex. The set of fortunes F for our gambling problem will be L U {g} U {b}, where g and b are not in L, and g ^ b.
The gambles available are as follows:
T(g) = {6g} and T(b) = {6b}. For l G L with 1(e) = 0, T(l) = {6i,6g}. For IgL with /(e) = n (> 1), T(l) = {6U6V, (1 -l/n)6ion +6b/n} where /' is the element of L defined by /'(e) = n + 1 and l'(t) -l(t), for t ^ e; and Ion is the element of L defined by / o n(t) = l(nt), t G T, where nt is the finite sequence of positive integers starting with n and followed by those in i.
The utility function u is 1 at g and 0 at every other fortune. For this gambling problem, it is easily checked that, for every strategy a available at /, Jlimsupn u(xn) da(h) equals the probability of reaching g starting from / and using a, and hence V(f) = best chance of reaching the goal g, starting from the fortune /.
For t G T and a nonnegative integer k, let A(t,k) = {/ G L: l(t) = k}. The collection of sets {A(t, k): t G T, k > 0} U {{g}, {/>}} forms a subbase for a topology on F (under this topology, g and b are isolated points and the relative topology on L is the topology of pointwise convergence). If B denotes the cr-algebra of Borel subsets of F, plainly (F, B) is a standard Borel space. To complete the verification that the above gambling problem (F, T, u) is a leavable, Borel gambling problem with a goal, we only need to check condition (iii) in the definition of a Borel gambling problem. This can be done, for example, by showing that the map <pi on F into M is measurable, i = 1,2,3, where
This verification is routine using well-known results on measurability of sets of measures which can be found in [1 or 4] . Let C denote the set of all fortunes / G L such that every infinite path down the tree must hit a zero, i.e. for every sequence i(l), i(2),... of positive integers, there is a k > 1 with /(i(l),..., t(k)) = 0. The proof of the Theorem will be completed by verifying the following two claims. increasing 1(e) to n and then attempting to move to fortune / o n, we can reach g with probability at least a(n) = (1 -l/n)V(l on)-1/n, and since a(n) < V(l), it follows that V(lon) < 1 for all large n. We can apply the same argument repeatedly to get i(l), i(2),... with V(l^) < 1 for all fc, where /(*)(/) =l(t(l),...,t(k),t) for i G T. Since V(¿(fc)) < 1, we must have Z<*)(e) > 0,
i.e. /(i(l),...,i(fc)) >0.
To establish Claim 2, suppose li,h,•■■ is a sequence of fortunes in C with mí Us (ln) = o > 0. We find an / G C such that Us (I) < a. For each k > 1, let fk be equal to /", where n is least integer such that Us(ln) < (1 + l/k)a.
Define / by /(e) = 1, l(kt) = /fc(i), i G T. Then / G C and, for some k, Us(l) = (1 -l/k)Us(fk) < (1 -l/fc> < a.
Thus, it follows that infyec Us(f) -0-This finishes the proof of the Theorem.
